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Propositional Logic

Formulas vs Functions

Boolean Formulas are strings made of variables, constants and
connectives. Whereas Boolean Functions are mathematical objects
described by truth tables. We will learn how to express boolean
functions by formulas.

| \

T Vs T

7(x):U - {0,1} is a simple truth assignment to a variable x.
7(¢):BF - {0,1} is a truth value of a formula ¢, which is
evaluated by applying 7 to its variables and computing the EVAL
algorithm.
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Connectives
Equivalent connective symbols

(A+B)=(AvB)=(AoRrR B)
(A-B)=(AAB)=(AAND B)
(=B) = (vo1(B)) = (B)
(AXOR B)=(A® B)

Parantheses

((AvCO)A(=B)) = ((A+C)-(B))

We sometimes omit parentheses from formulas if their parse tree is
obvious. When parenthesis are omitted, one should use precedence
rules as in arithmetic, e.g., a-b+c-d=((a-b) + (c-d)).
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Useful tautologies
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Tautologies

Prove that the following formulas are tautologies: (i) addition:
$12 (X > (X +Y)), and (i) simplification: ¢ 2 ((X-Y) = X).

Proof.

The proof is by truth tables, The following figure depicts the tables
of both formulas. Note that the row that represents 7, (¢;) is a
constant Boolean function, i.e., V v e {0,1}2:7,(¢;) = 1.

X|Y|X+Y | X|Y|X-Y]| ¢
oj[o| O 1 oj[o| o 1
10 1 1 10| 0 1
01 1 1 01| 0 1
1|1 1 1 11| 1 1

Table: The truth tables of the addition and the simplification tautologies.

O
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The Logisim Software

@ Can be downloaded from:
http://www.cburch.com/logisim/
@ Input ports to assign inputs to your circuit.
@ Output ports to gain the results.
o Light green = '1".
e Dark green = ‘0",

e Combinational Gates (AND,MUX,XOR,...) implement
boolean functions.

@ Project—Analyze Circuit - generate the truth tables

@ Modular Design - We compose Boolean functions to
“construct” new ones. Use multiple circuits hierarchically.
You will learn this principle as Substitution.

@ Labels must be assigned to I/0O ports!

“Minimization heuristics”...can be found in the book.
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http://www.cburch.com/logisim/

The Logisim Software

Example

Consider the following boolean formula ¢:

¢ = (X2 \/X1) ® (—|X0 /\Xl)

Implement the boolean function By : {0,1}% - {0,1} that
corresponds to the formula ¢.

v
Parse tree of a formula ¢

Xo X1 X1 X2

A\
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Logisim Example - B, implementation

T Logisim: main of Untitled - a X

File Edit Project Simulate Window Help

&[] a[Ee >0 >

Os B0 P ) . "
+ Begin with adding three input ports

Untitled™
main
Wiring
Gates
Flexers
Arithmetic
Memory
Input/Output
Base

Circuit: main
Circuit Name main
Shared Label
Shared Label Fa...|East
Shared Label Font|SansSerif Plain 12|

- E B

&

133% 5 v
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ogisim Example -

T Logisim: main of Untitled - a X

File Edit Project Simulate Window Help

~
Untitled™
main
Wiring
Gates
Plexers
Arithmetic
Memory
Input/Output
Base
Selection: Pin
Facing MNorth
utput? o .
e n Click on a port
Three-state? No ¢
Pull Behavior Unchi d o m|
Label X0 DXU bt
Label Location  [West
Label Font SansSerif Plain 1. then modify its attributes
133% 5 v
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ogisim Example - implementation

T Logisim: main of Untitled - a X

File Edit Project Simulate Window Help

Expand the
o 11 "
S [ NOT Gate Gates
B> Buffer library and
[ AND Gate y
T OR Gate place the gates
> NAND Gate %
T 1ok Gate you require.
-T> XOR Gate hd
Circuit: main
Circuit Name main
Shared Label
Shared Label Fa...|East DO
Shared Label Font|SansSerif Plain 12|

133%
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Logisim Example - B; implementation

T Logisim: main of Untitled

File Edit Project Simulate Window Help

S [ NOT Gate
-[> Buffer

[ AND Gate

I> OR Gate

> NAND Gate

- NOR Gate

-T> XOR Gate hd
Selection: Various items ...
Facing North ~ |Adjust
DataBits 11 the direction
Gate Size Medium h t
Number Of In... 2 the ga _es
Output Value 07T are facing.
Label Reduce théf!
Label Font SansSerif Plai... .
Negate 1 (Left) |No v fan-in to 2.

133% 5

[m]

R

o al
o0
O a
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ogisim Example - B; implementation

T Logisim: main of Untitled - a X

File Edit Project Simulate Window Help

Add an output port

'@u ~
[m]

>

Wiring

- | Gates

<[> NOT Gate

-[> Buffer

D) AND Gate -

I> OR Gate

> NAND Gate

- NOR Gate

-I> XOR Gate
Selection: Pin

Facing South

Output? Yes

Data Bits 1 &

Three-state? Yes

Pull Behavior L

Label I X0

Label Location  [East Give it a name
Label Font |Sanssemf Plain 12|

133% 5 v
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ogisim Example - B

implementation

T Logisim: main of Untitled

File Edit Project Simulate Window Help

b AlEBe>DD

[ P
+

Input/Output
- Base

iy Poke Tool

~- & Edit Tool
-k Select Tool
-
- A Text Tool
+-Z1 Menu Tool

= A Label v

Circuit: main

Circuit Name main
Shared Label
Shared Label Fa...|East
Shared Label Font|SansSerif Plain 12|

=
>

133% =

Use wiring tool

to carefully connect

all the terminals.
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ogisim Example - B; implementation

T Logisim: main of Untitled - a X
File Edit Project Simulate Window Help
b AlEBe>DD

IEls% B Be careful not to i "
miss a terminal.

=
>

Input/Output
- Base
iy Poke Tool
~- & Edit Tool
- & Select Tool

ol /iring Tool]

- A Text Tool
5 e Toa «| For example:
Circuit: main this is a bug!
Circuit Name main

Shared Label
Shared Label Fa...|East
Shared Label Font|SansSerif Plain 12|

133% 5 v
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ogisim Example - B; implementation

T Logisim: main of Untitled
File Edit Project Simulate Window Help
rA|lB e >DD

EE s (Simulation) v
Choose "poke tool"

and click on input

ports to toggle

"k Select Tool the logical value.
«* Wiring Tool

- A Text Tool
] Menu Tool
= A Label v
Pin
Facing Morth
Output? o
Data Bits 1
Three-state? No
Pull Behavior Unch; d
Label X1 X0
Label Location  |West
Label Font SansSerif Plain 12|
133% S
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Logisim - Wiring Library

© Bus - a set of parallel wires
@ Splitters - are used to split/collect a bus into individual wires

© Tunnels - a.k.a. net labeling to avoid drawing connections.

T Logisim: main of Untitled 2

[m] X
File Edit Project Simulate Window Help

dx]a|m e DD

HA# EHo ~
+

- F splitter " .’ ’
- [B Fin
¥ Probe
< Tunnel
§ Pull Resistor
- & Clock
- 1+ Constant
- 4 Power
=L Ground v
Circuit: main
Circuit Name main
Shared Label
Shared Label Fa... East
Shared Label Font|SansSerif Plain 12

133% ol < >
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Logisim - Wiring Library

© Bus - a set of parallel wires
@ Splitters - are used to split/collect a bus into individual wires

© Tunnels - a.k.a. net labeling to avoid drawing connections.
T Logisim: main of Untitled 2 — [m} x

File Edit Project Simulate Window Help

dx]a|m e DD

HA# EHo ~
+

- J splitter " .’ ’
- [B Fin

¥ Probe

< Tunnel

§ Pull Resistor
- & Clock
- 1+ Constant
- 4 Power

=L Ground

Circuit: main

Circuit Name main
Shared Label
Shared Label Fa... East
Shared Label Font|SansSerif Plain 12

2 bit bus

b

3 bit input

133% - < 2
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Logisim - Wiring Library

© Bus - a set of parallel wires
@ Splitters - are used to split/collect a bus into individual wires

© Tunnels - a.k.a. net labeling to avoid drawing connections.

T Logisim: main of Untitled 2

[m] X
File Edit Project Simulate Window Help

dx]a|m e DD

HA# EHo ~
+

-~ F splitter ’ ’
- [B Fin
¥ Probe
< Tunnel
§ Pull Resistor
- [ Clock
- 1+ Constant
- 4 Power
=L Ground v
Circuit: main
Circuit Name main
Shared Label
Shared Label Fa... East
Shared Label Font|SansSerif Plain 12

>

Splitters

133% ol 2 >
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Logisim - Wiring Library

© Bus - a set of parallel wires
@ Splitters - are used to split/collect a bus into individual wires

© Tunnels - a.k.a. net labeling to avoid drawing connections.

T Logisim: main of Untitled 2

[m] X
File Edit Project Simulate Window Help

dx]a|m e DD

HA# EHo
+

- J splitter " al .’ ’
- [B Fin oy
¥ Probe la_z‘

< Tunnel
§ Pull Resistor
- & Clock
- 1+ Constant
- 4 Power
=L Ground v
Circuit: main
Circuit Name main
Shared Label
Shared Label Fa... East
Shared Label Font|SansSerif Plain 12

133% ol 2 >
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Modular Design in Logisim

| >
|3|\e Edit Project Simulate Window Help

M AalB e =D D
# L0 o
ircuit9u ol

&%  Circuit Name:
@ o <@ »vn ow 0
Cancel i o s

Input/Output -
s o

Circuit: main
Circuit Name  |main

Shared Label
Shared Label ...|East

Shared Label ...|SansSerif Pla...

100%. =T
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Modular Design in Logisim

)3 Logisim: Encoder1 of Untitled — O x

File Edit Project Simulate Window Help

M AalB e =D D

As @D o o o o o o o

*rax . o . L L o L
it -1 Encoder! - ig'oan Favnn NK niwnnn
ﬁg’waclgderl

Wiring P

o
Circuit: Encoderl

Circuit Name  |Encoderl

Shared Label

Shared Label ...|East

Shared Label ...|SansSerif Pla...

100% =|¢d
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Modular Design in Logisim

| >
|3|\e Edit Project Simulate Window Help
ax]alme =D D
A IHD R
yn o'oom: -
main
SEncuderl
Input Circuit Name * -
B ﬂ Circuit Name: EﬂCOder2 |I7 ij]
ci Encoder2| X Co
E:
100% =
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Modular Design in Logisim

I Logisim: Encoder2 of Untitled — a x

File Edit Project Simulate Window Help
&«]alme =D p
|:|s’a> ||:|[|

untlt\ad* ~

D Encoderl:
-] Encoderz
Wiring
Gates
Plexers h

Circuit: Encoder2
Circuit Name Encoder2
Shared Label
Shared Label ... [Fast
Shared Label ... SansSerif Plai...

100% calfi
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Modular Design in Logisim

j} Logisim: Encoder2 of Enceder
File Edit Project Simulate Window Help

a_Tvmeew 200 NN JNY7 NIN 7V X2 1XN7
:lgm

+t ¥

[m]

Encoder
G main
it Encoder1

Encoder3
Wiring
Gates

- | Plexers
| | Arithmetic

Memory

100%

Encuder(l)

o :D'IlI]']'] f]'om D:mnwma §5 .

 MIXTIX, D"?]'D'ID Dipn nnw':)

~ ninoaipn

o gn-'num vy mbw b,wm 13

mIKmpANDMADANN

oy avmY
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Exporting Circuit as an image without a truth table

Use the “File—~Export Image” option

T Logisim: main of CompAdder - a X

FileJEdit Project Simulate Window Help

1 New Curl+N
Open... Ctrl+O
Open Recent

Close Ctrl+Shift+W i
. ‘e Circuits:
Save Ctrl+S :
Save As... Ctrl+5hift+5 S—ChOOSe
) . CompAdder(1)
Export Image... circuit  |compadder(2)
2 Print... Ctrl+P
Image Format: () pnG
Preferences.. OGIF
Bxit Ctrl+Q O IPEG
T BaSe

Scale Factor: $I 566%
Circuit: main B Printer View: 4_ choose qua“ty
Circuit Name  |main

Shared Label : : : : : k k : 5 Cancel
Shared Label ...|East . . : : : : . .

Shared Label ...|SansSerif Plai...

100% Sl
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Exporting Circuit as an image with a truth table

Open the “Project—>Analyze Circuit” —~"Table” then print screen:

-
> |
f|I= E ject Simulate Window Help
R ll Al e DD

Hs Eo D Combinaton.. — O X
= a[@—

MoedA_2014_Q2] @k File Edit Project Simulate Window Help
b main =

Wiring Inputs Outputs | Table | Expression Minimized
gaas [®} 0 X1 X0 s1|z 2
G Plexers 0 o0 o0 o o
G- Arithmetic @ L

Memory [®} 00 o0 10
Input/Output r4 o0 1 0 1

Base o0 1 1 1]

o 1 i} 0 i}

o 1 i} 1 i}

i} 1 1 0 i}

( = 0 1 1 1 o
1 0 o 0 o

Circuit: main 1 0o o 1|0

Circuit ... |main 1 ] 1 0 i}

Shared ... 1 ] 1 1 i}

Shared ... East 1 1 i} 0 i}

Shared ansSe. L 1 o 1 1

1 1 1 0 1
100% <. 1 1 1 1 i} v
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Adjusting the circuit name

In the project submission guidelines you are required to rename
your top module to a specific name.

D

File Edit Project Simulate Window Help

awk]al®m e =D D> ‘

(EEY =] ;
+ 1) R
_choose a circuit

Gates
Plexers -
Arithmetic
Memaor

.'-

Circuit: main

ircuit Name |main
Shared Label
Shared La... [East
|Sharad1

133% el

"2)rename here




Multi-bit 10 ports

From now on, do not use multiple single-bit ports when indexing is

required.
Inputs: a, b, c € {0,1}, then it is OK to place 3 single-bit inputs:
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Complete Set of Connectives

@ A Boolean formula expresses some Boolean function.
@ We deal with the following question: Which sets of
connectives enable us to express every Boolean function?

Recall the following definitions.
Definition
A Boolean function B : {0,1}" - {0,1} is expressible by

BF({Xi,...,Xn},C) if there exists a formula
peBF({Xi,...,Xn},C) such that B = B,.

Definition

| A

A set C of connectives is complete if every Boolean function
B:{0,1}" - {0,1} is expressible by BF({Xi,...,Xs},C).

Theorem

The set C = {—, AND, OR} is a complete set of connectives.
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C = {AND, OR} is not Complete Set of Connectives

The set C = {AND,OR} is not a complete set of connectives.

Proof.
@ We prove that the Boolean function NOT is not expressible by
BF({X1},C).
@ How? we prove that every ¢ e BF({X1},C), B, is either the
function 0, 1, or /, where [ is the identity function.

@ Proof by a complete induction on the size of the parse tree of
the Boolean formula ¢ (next slide).

@ Since NOT is not the function 0, 1, or /, it follows that NOT is
not expressible by BF({X1},C), as required.

Ol
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C = {AND, OR} is not Complete Set of Connectives

Proof by a complete induction on the size of the parse tree of a
formula .

o Base: For trees of a size 1, ¢ can be one of the following
options: {0,1,x}. The corresponding B,(x) can be either
const 0 or const 1 or the identity function x.

@ Induction Hypothesis: For a formula ¢ with a parse tree of
a size n and lower, the corresponding B,(x) can be either
const 0 or const 1 or the identity function x.
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C = {AND, OR} is not Complete Set of Connectives

Proof by a complete induction on the size of the parse tree of a
formula ¢.

Induction Step: We shall prove that for a formula ¢ (with a
larger parse tree) the corresponding B, (x) can be either const
0 or const 1 or the identity function x.
Important tip: We observe the construction of tree of ¢ and
understand that we have to break the proof into 2 cases.
Where each case corresponds to using a different connective.
Induction Step Proof:

Q ¢ =12 In this case, B, = Banp (B, (x), By, (X))

Q ¢ =1+ . Inthis case, By, = Bor(By,(x), By, (X))
The formulas 1, > are smaller formulas and thus we can
exploit the induction hypothesis. By induction hypothesis,
By, (x), By, (x) can be either 0,1 or x.
Let's take a look at all the possible functions B,,...
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C = {AND, OR} is not Complete Set of Connectives

Table: Given B, ,B,,, the following table describes what will be the B,

for the both cases

B B

$1 P2

B, = BAND(chv B<p2)

Bso = BOR(BSOI’ BSO2)

o
o

X X X PR~~~ OO
X PR O X H O X

We showed that in both cases, B, € {0,1,x} Therefore, we proved

0

X X O X O OO

the induction step.

0

X = X M ==X
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C ={l} is a Complete Set of Connectives

Prove that {}} is a complete set of connectives. Where the
connective | corresponds to a boolean function NOR,(by, by).

@ We need to show that some other complete set of connectives
can be expresses using only |.

@ Let's express the complete set {—, Vv, A} using {|}
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C ={l} is a Complete Set of Connectives

Prove that {}} is a complete set of connectives. Where the
connective | corresponds to a boolean function NOR,(by, by).

@ We need to show that some other complete set of connectives
can be expresses using only |.

@ Let's express the complete set {—, Vv, A} using {|}

@ —x can be expressed by x | x or by x | 0 (see truth table)
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C ={l} is a Complete Set of Connectives

Prove that {}} is a complete set of connectives. Where the
connective | corresponds to a boolean function NOR,(by, by).

@ We need to show that some other complete set of connectives
can be expresses using only |.

@ Let's express the complete set {—, Vv, A} using {|}
@ —x can be expressed by x | x or by x | 0 (see truth table)

@ XAy ~=(xAy) < a(-xVay) < (x| ay)

< (xIx)l(yly)
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C ={l} is a Complete Set of Connectives

Prove that {}} is a complete set of connectives. Where the
connective | corresponds to a boolean function NOR,(by, by).

@ We need to show that some other complete set of connectives
can be expresses using only |.

@ Let's express the complete set {—, Vv, A} using {|}
@ —x can be expressed by x | x or by x | 0 (see truth table)
O XAy (X Ay) < ~(-XV ) & (~x b )
< (xIx) i (yily)
@ xVy < -=(xvy) < =(xly)

< (xdy)(xly)
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